Introduction and preliminaries {#Sec1}
==============================

The first well-known positive linear operator introduced by S.N. Bernstein \[[@CR9]\] in 1912 plays an important role in approximation theory, and the first *q*-analogue of the well-known Bernstein polynomials was introduced by Lupaş \[[@CR16]\] in 1987 who applied the idea of *q*-integers. In 1997, Phillips considered another *q*-analogue of the classical Bernstein polynomials \[[@CR26]\]. Later on, many authors introduced *q*-generalization of various operators and investigated several approximation properties. In 1950, for $\documentclass[12pt]{minimal}
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                \begin{document}$f\in C[0,\infty )$\end{document}$, a positive linear operator was introduced by Szász \[[@CR30]\].
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                \begin{document}$[n]_{p,q}:=\frac {p^{n}-q^{n}}{p-q}, n=0,1,2,\dots, 0< q< p\leq1$\end{document}$. Recently, Mursaleen et al. \[[@CR19]\] applied the $\documentclass[12pt]{minimal}
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n \\
k \\
\end{bmatrix}_{p,q}p^{\frac{k(k - 1)}{2}}x^{k}\prod\limits_{s = 0}^{n - k - 1}\left( p^{s} - q^{s}x \right)f\left( \frac{{\lbrack k\rbrack}_{p,q}}{p^{k - n}{\lbrack n\rbrack}_{p,q}} \right),\quad x \in \lbrack 0,1\rbrack.$$

They have also investigated several approximation properties by defining different positive linear operators in an approximation process based on a $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-analogue (see \[[@CR1]--[@CR8], [@CR14], [@CR18], [@CR23]--[@CR25]\]). Recently they have also studied the Szász-type operators via Dunkl generalizations (see \[[@CR17], [@CR20]--[@CR22], [@CR28]\]). After that many authors introduced *q*-generalizations of various operators and published their work on Dunkl type generalization (see \[[@CR10], [@CR13], [@CR29], [@CR31]\]).
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                \begin{document}$x\geq 0, f\in C[0,\infty),\mu\geq0, n\in\mathbb{N}$\end{document}$, Sucu \[[@CR29]\] defined a Dunkl analogue of Szász operators via a generalization of the exponential function given by \[[@CR27]\]. Ben Cheikh et al. \[[@CR10]\] introduced the *q*-Dunkl classical *q*-Hermite type polynomials. They gave definitions of *q*-Dunkl analogues of exponential functions, recursion relations and notations for $\documentclass[12pt]{minimal}
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                \begin{document}$$ D_{n,q}(f;x)=\frac{1}{e_{\mu,q}([n]_{q}x)}\sum_{k=0}^{\infty} \frac{([n]_{q}x)^{k}}{\gamma_{\mu,q}(k)}f \biggl( \frac{1-q^{2\mu\theta _{k}+k}}{1-q^{n}} \biggr). $$\end{document}$$
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                \begin{document}$$ (x-y)_{p,q}^{n}=\textstyle\begin{cases} \prod_{i=0}^{n-1}(p^{i}x-q^{i}y) & \text{if }n\in\mathbb{N,} \\ 1 & \text{if }n=0.\end{cases} $$\end{document}$$
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                \begin{document}$$ \begin{aligned} &\gamma_{\mu,p,q}(n+1)= \frac{p^{2\mu(-1)^{n+1}+1}({p^{2\mu \theta_{n+1}+n+1}-q^{2\mu\theta_{n+1}+n+1}})}{(p-q)} \gamma_{\mu,p,q}(n),\quad n \in\mathbb{N},\\ & \theta_{n}=\textstyle\begin{cases} 0 & \text{if }n=2m, m\in\mathbb{N}, \\ 1 & \text{if }n=2m+1, m\in\mathbb{N}.\end{cases}\displaystyle \end{aligned} $$\end{document}$$

We can derive some of the special cases of $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\gamma_{\mu,p,q}(0)=1\ \bigl(\text{from } (p,q)\text{-binomial expansion} \bigr), \\ &\gamma_{\mu,p,q}(1)=p^{-2\mu+1} \biggl(\frac{p^{2\mu+1}-q^{2\mu+1}}{p-q} \biggr), \\ &\gamma_{\mu,p,q}(2)=p^{2} \biggl(\frac{p^{2\mu+1}-q^{2\mu+1}}{p-q} \biggr) \biggl(\frac{p^{2}-q^{2}}{p-q} \biggr), \\ &\gamma_{\mu,p,q}(3)=p^{3-2\mu} \biggl(\frac{p^{2\mu+1}-q^{2\mu+1}}{p-q} \biggr) \biggl(\frac{p^{2}-q^{2}}{p-q} \biggr) \biggl(\frac{p^{2\mu+3}-q^{2\mu +3}}{p-q} \biggr), \\ &\gamma_{\mu,p,q}(4)=p^{4} \biggl(\frac{p^{2\mu+1}-q^{2\mu+1}}{p-q} \biggr) \biggl(\frac{p^{2}-q^{2}}{p-q} \biggr) \biggl(\frac{p^{2\mu+3}-q^{2\mu+3}}{p-q} \biggr) \biggl(\frac{p^{4}-q^{4}}{p-q} \biggr), \\ &\gamma_{\mu,p,q}(5)=p^{5-2\mu} \biggl( \frac{p^{2\mu+1}-q^{2\mu +1}}{p-q} \biggr) \biggl( \frac{p^{2}-q^{2}}{p-q} \biggr) \biggl( \frac{p^{2\mu +3}-q^{2\mu+3}}{p-q} \biggr)\\ &\phantom{\gamma_{\mu,p,q}(5)=}{}\times \biggl( \frac{p^{4}-q^{4}}{p-q} \biggr) \biggl( \frac{p^{2\mu+5}-q^{2\mu+5}}{p-q} \biggr). \end{aligned}$$ \end{document}$$

Auxiliary results {#Sec2}
=================
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Lemma 2.1 {#FPar1}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Proof {#FPar2}
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                \begin{document} $$\begin{aligned} D_{n,p,q}(e_{1};x)&= \frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum _{k=0}^{\infty}\frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k)}p^{\frac{k(k-1)}{2}} \biggl( \frac{p^{2\mu\theta_{k}+k}-q^{2\mu\theta_{k}+k}}{p^{k-1}(p^{n}-q^{n})} \biggr) \\ &= \frac{1}{[n]_{p,q}}\frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum_{k=1}^{\infty}\frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k-1)}p^{\frac{(k-1)(k-2)}{2}} \\ &= \frac{1}{[n]_{p,q}}\frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum_{k=0}^{\infty}\frac{([n]_{p,q}x)^{k+1}}{\gamma_{\mu,p,q}(k)}p^{\frac{k(k-1)}{2}} \\ &= \frac{x}{e_{\mu,p,q}([n]_{p,q}x)}\sum_{k=0}^{\infty}\frac {([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k)}p^{\frac{k(k-1)}{2}} \\ &= x. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} D_{n,p,q}(e_{2};x)&=\frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum _{k=0}^{\infty}\frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k)}p^{\frac{k(k-1)}{2}} \biggl( \frac{p^{2\mu\theta_{k}+k}-q^{2\mu\theta_{k}+k}}{p^{k-1}(p^{n}-q^{n})} \biggr)^{2} \\ &=\frac{1}{[n]_{p,q}^{2}}\frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum_{k=1}^{\infty}\frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k-1)}p^{\frac{k^{2}-5k+4}{2}} \biggl( \frac{p^{2\mu\theta_{k}+k}-q^{2\mu\theta_{k}+k}}{(p-q)} \biggr) \\ &=\frac{1}{[n]_{p,q}^{2}}\frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum_{k=1}^{\infty}\frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k-1)}p^{\frac{(k-1)(k-4)}{2}} \biggl( \frac{p^{2\mu\theta_{k}+k}-q^{2\mu\theta_{k}+k}}{(p-q)} \biggr), \end{aligned}$$ \end{document}$$ hence $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ [2\mu\theta_{k+1}+k+1]_{p,q}=p^{2\mu(-1)^{k}+1}[2 \mu \theta_{k}+k]_{p,q}+q^{2\mu\theta_{k}+k}\bigl[2 \mu(-1)^{k}+1\bigr]_{p,q}. $$\end{document}$$ For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k=2k$\end{document}$, Eq. ([2.3](#Equ8){ref-type=""}) implies $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ [2\mu\theta_{2k+1}+2k+1]_{p,q}=p^{2\mu+1} \biggl(\frac{p^{2\mu \theta_{2k}+2k}-q^{2\mu\theta_{2k}+2k}}{p-q} \biggr)+q^{2\mu \theta_{2k}+2k}[1+2\mu]_{p,q}, $$\end{document}$$ and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k=2k+1$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Lemma 2.2 {#FPar3}
---------
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Main results {#Sec3}
============

In this section we obtain a Korovkin's type approximation theorem and compute convergence of the considered operators by using the modulus of continuity and also rate of convergence for functions belonging to the Lipschitz class presented here.
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In order to obtain the convergence results for the operators $\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar4}
-----------
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Proof {#FPar5}
-----

The proof is based on the well-known Korovkin's theorem regarding the convergence of a sequence of linear and positive operators, so it is enough to prove the conditions $$\documentclass[12pt]{minimal}
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We recall the weighted spaces of the functions on $\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar6}
-----------
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Proof {#FPar7}
-----

From Lemma [2.1](#FPar1){ref-type="sec"}, the first condition of (1) is fulfilled for $\documentclass[12pt]{minimal}
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Here we calculate the rate of convergence of operators ([2.1](#Equ6){ref-type=""}) by means of modulus of continuity and Lipschitz type maximal functions.
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Theorem 3.3 {#FPar8}
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                \begin{document}$\omega(f,\delta)$\end{document}$ *is the modulus of continuity of a function* $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f \in\tilde{C}[0,\infty)$\end{document}$ *defined in* ([3.2](#Equ12){ref-type=""}).

Proof {#FPar9}
-----

We prove the claim by using ([3.2](#Equ12){ref-type=""})--([3.3](#Equ13){ref-type=""}) and Cauchy--Schwarz inequality: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\vert D_{n,p,q}(f;x)-f(x) \bigr\vert \\ &\quad \leq \frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum_{k=0}^{\infty}\frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k)}p^{\frac{k(k-1)}{2}} \biggl\vert f \biggl( \frac{p^{2\mu\theta_{k}+k}-q^{2\mu\theta_{k}+k}}{p^{k-1}(p^{n}-q^{n})} \biggr) -f(x) \biggr\vert \\ &\quad\leq \frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum_{k=0}^{\infty}\frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k)}p^{\frac{k(k-1)}{2}} \biggl\{ 1+ \frac{1}{\delta} \biggl\vert \biggl( \frac{p^{2\mu\theta_{k}+k}-q^{2\mu\theta_{k}+k}}{p^{k-1}(p^{n}-q^{n})} \biggr) -x \biggr\vert \biggr\} \omega(f;\delta) \\ &\quad= \Biggl\{ 1+\frac{1}{\delta} \Biggl( \frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum _{k=0}^{\infty}\frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k)}p^{\frac {k(k-1)}{2}} \biggl\vert \frac{p^{2\mu\theta_{k}+k}-q^{2\mu\theta _{k}+k}}{p^{k-1}(p^{n}-q^{n})}-x \biggr\vert \Biggr) \Biggr\} \omega(f;\delta) \\ &\quad \leq \Biggl\{ 1+\frac{1}{\delta} \Biggl( \frac{1}{e_{\mu,p,q}([n]_{p,q}x)} \sum _{k=0}^{\infty}\frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k)}p^{\frac {k(k-1)}{2}} \biggl( \frac{p^{2\mu\theta_{k}+k}-q^{2\mu\theta _{k}+k}}{p^{k-1}(p^{n}-q^{n})}-x \biggr)^{2} \Biggr)^{\frac{1}{2}} \\ &\qquad{}\times\bigl(D_{n,p,q}(e_{0};x) \bigr)^{\frac {1}{2}} \Biggr\} \omega(f;\delta) \\ &\quad = \biggl\{ 1+\frac{1}{\delta} \bigl(D_{n,p,q}(e_{1}-x)^{2};x \bigr)^{\frac {1}{2}} \biggr\} \omega(f;\delta) \\ &\quad\leq\biggl\{ 1+\frac{1}{\delta} \sqrt{\frac{1}{[n]_{p,q}}[1+2\mu ]_{p,q}x} \biggr\} \omega(f;\delta), \end{aligned}$$ \end{document}$$ where, choosing $\documentclass[12pt]{minimal}
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                \begin{document}$\delta=\delta_{n,p,q}=\sqrt{\frac{1}{[n]_{p,q}}}$\end{document}$, we get our result. □

Now we give the rate of convergence of the operators $\documentclass[12pt]{minimal}
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                \begin{document}$$ \operatorname{Lip}_{M}(\nu)= \bigl\{ f: \bigl\vert f(\zeta_{1})-f( \zeta_{2}) \bigr\vert \leq M \vert \zeta_{1}- \zeta_{2} \vert ^{\nu}, \zeta_{1}, \zeta_{2}\in{}[ 0,\infty) \bigr\} . $$\end{document}$$

Theorem 3.4 {#FPar10}
-----------
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                \begin{document}$D_{n,p,q}(\cdot,\cdot)$\end{document}$ *be the operator defined in* ([2.1](#Equ6){ref-type=""}). *Then for each* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert D_{n,p,q}(f;x)-f(x) \bigr\vert \leq M \biggl( \frac{1}{[n]_{p,q}}[1+2\mu]_{p,q}x \biggr)^{\frac{\nu}{2}}. $$\end{document}$$

Proof {#FPar11}
-----

We prove the claim by using ([3.4](#Equ14){ref-type=""}) and Hölder inequality: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\vert D_{n,p,q}(f;x)-f(x) \bigr\vert &\leq \bigl\vert D_{n,p,q}\bigl(f(e_{1})-f(x);x\bigr) \bigr\vert \\ &\leq D_{n,p,q} \bigl( \bigl\vert f(e_{1})-f(x) \bigr\vert ;x \bigr) \\ &\leq\vert MD_{n,p,q} \bigl( \vert e_{1}-x \vert ^{\nu};x \bigr). \end{aligned}$$ \end{document}$$ Therefore, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\vert D_{n,p,q}(f;x)-f(x) \bigr\vert \\ &\quad\leq M\frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum_{k=0}^{\infty} \frac{([n]_{p,q}x)^{k}}{\gamma_{\mu,p,q}(k)}p^{\frac{k(k-1)}{2}} \biggl\vert \frac{p^{2\mu\theta_{k}+k}-q^{2\mu\theta_{k}+k}}{p^{k-1}(p^{n}-q^{n})}-x \biggr\vert ^{\nu} \\ &\quad\leq M\frac{1}{e_{\mu,p,q}([n]_{p,q}x)}\sum_{k=0}^{\infty} \biggl( \frac{([n]_{p,q}x)^{k}p^{\frac{k(k-1)}{2}}}{\gamma_{\mu,p,q}(k)} \biggr) ^{\frac{2-\nu}{2}} \\ &\qquad{} \times \biggl( \frac{([n]_{p,q}x)^{k}p^{\frac{k(k-1)}{2}}}{\gamma_{\mu ,p,q}(k)} \biggr) ^{\frac{\nu}{2}} \biggl\vert \frac{p^{2\mu\theta _{k}+k}-q^{2\mu\theta_{k}+k}}{p^{k-1}(p^{n}-q^{n})}-x \biggr\vert ^{\nu} \\ &\quad\leq M \Biggl( \frac{1}{ ( e_{\mu,p,q}([n]_{p,q}x) ) }\sum_{k=0}^{\infty} \frac{([n]_{p,q}x)^{k}p^{\frac{k(k-1)}{2}}}{\gamma _{\mu ,p,q}(k)} \Biggr) ^{\frac{2-\nu}{2}} \\ &\qquad{} \times \Biggl( \frac{1}{ ( e_{\mu ,p,q}([n]_{p,q}x) ) }\sum_{k=0}^{\infty} \frac {([n]_{p,q}x)^{k}p^{\frac{k(k-1)}{2}}}{\gamma_{\mu,p,q}(k)} \biggl\vert \frac{p^{2\mu\theta _{k}+k}-q^{2\mu\theta_{k}+k}}{p^{k-1}(p^{n}-q^{n})}-x \biggr\vert ^{2} \Biggr) ^{\frac{\nu}{2}} \\ &\quad\leq M \bigl( D_{n,p,q}(e_{1}-x)^{2};x \bigr) ^{\frac {\nu}{2}}. \end{aligned}$$ \end{document}$$ This completes the proof. □
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{+}=[0,\infty)$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Vert g \Vert _{C_{B}(\mathbb{R}^{+})}=\sup_{x \in\mathbb{R}^{+}} \bigl\vert g(x) \bigr\vert . $$\end{document}$$

Theorem 3.5 {#FPar12}
-----------
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                \begin{document}$D_{n,p,q}(\cdot,\cdot)$\end{document}$ *be the operator defined in* ([2.1](#Equ6){ref-type=""}). *Then for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g \in C_{B}^{2}(\mathbb{R}^{+})$\end{document}$ *we have* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert D_{n,p,q}(f;x)-f(x) \bigr\vert \leq\frac{[1+2\mu]_{p,q}x}{2[n]_{p,q}} \Vert g \Vert _{C_{B}^{2}(\mathbb{R}^{+})}. $$\end{document}$$

Proof {#FPar13}
-----
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                \begin{document}$g \in C_{B}^{2}(\mathbb{R}^{+})$\end{document}$. Then by using the generalized mean value theorem in the Taylor series expansion we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ D_{n,p,q}(g,x)-g(x)=g^{\prime}(x)D_{n,p,q} \bigl((e_{1}-x);x \bigr)+\frac{g^{\prime\prime}(\psi)}{2}D_{n,p,q} \bigl((e_{1}-x)^{2};x \bigr), $$\end{document}$$ which implies $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert D_{n,p,q}(g;x)-g(x) \bigr\vert \leq \biggl( \frac{1}{[n]_{p,q}}[1+2\mu]_{p,q}x \biggr) \frac{ \Vert g^{\prime\prime} \Vert _{C_{B}(\mathbb{R}^{+})}}{2}. $$\end{document}$$ From ([3.6](#Equ16){ref-type=""}) we have $\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert D_{n,p,q}(g;x)-g(x) \bigr\vert \leq \biggl( \frac{1}{[n]_{p,q}}[1+2\mu]_{p,q}x \biggr) \frac{ \Vert g \Vert _{C_{B}^{2}(\mathbb{R}^{+})}}{2}. $$\end{document}$$

This completes the proof due to (1) of Lemma [2.2](#FPar3){ref-type="sec"}. □

The Peetre's *K*-functional is defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$$ K_{2}(f,\delta)=\inf_{C_{B}^{2}(\mathbb{R}^{+})} \bigl\{ \bigl( \Vert f-g \Vert _{C_{B}(\mathbb{R}^{+})} +\delta \bigl\Vert g^{\prime\prime } \bigr\Vert _{C_{B}^{2}(\mathbb{R}^{+})} \bigr):g\in\mathcal{W}^{2} \bigr\} , $$\end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal{W}^{2}= \bigl\{ g\in C_{B}\bigl( \mathbb{R}^{+}\bigr):g^{\prime},g^{\prime \prime }\in C_{B}\bigl( \mathbb{R}^{+}\bigr) \bigr\} . $$\end{document}$$ Then there exits a positive constant $\documentclass[12pt]{minimal}
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                \begin{document}$$ \omega_{2}\bigl(f,\delta^{\frac{1}{2}}\bigr)=\sup _{0< h< \delta^{\frac{1}{2}}}\sup_{x\in\mathbb{R}^{+}} \bigl\vert f(x+2h)-2f(x+h)+f(x) \bigr\vert . $$\end{document}$$

Theorem 3.6 {#FPar14}
-----------
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                \begin{document}$D_{n,p,q}(\cdot,\cdot)$\end{document}$ *be the operator defined in* ([2.1](#Equ6){ref-type=""}) *and* $\documentclass[12pt]{minimal}
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                \begin{document}$C_{B}[0,\infty)$\end{document}$ *the space of all bounded and continuous functions on* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert D_{n,p,q}(f;x)-f(x) \bigr\vert \leq2M \biggl\{ \omega_{2} \biggl(f; \sqrt {\frac{[1+2\mu]_{p,q}x}{4[n]_{p,q}}} \biggr)+ \min \biggl(1, \frac{[1+2\mu ]_{p,q}x}{4[n]_{p,q}} \biggr) \Vert f \Vert _{C_{B}(\mathbb{R}^{+})} \biggr\} , $$\end{document}$$ *where* *M* *is a positive constant and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega_{2}(f;\delta)$\end{document}$ *is the second order modulus of continuity of the function* *f* *defined in* ([3.10](#Equ20){ref-type=""}).

Proof {#FPar15}
-----

We prove this claim by using Theorem ([3.5](#FPar12){ref-type="sec"}): $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\bigl\vert D_{n,p,q}(f;x)-f(x) \bigr\vert \\ &\quad \leq \bigl\vert D_{n,p,q}(f-g;x) \bigr\vert + \bigl\vert D_{n,p,q}(g;x)-g(x) \bigr\vert + \bigl\vert f(x)-g(x) \bigr\vert \\ &\quad\leq 2 \Vert f-g \Vert _{C_{B}(\mathbb{R}^{+})}+ \frac{[1+2\mu ]_{p,q}x}{2[n]_{p,q}} \Vert g \Vert _{C_{B}^{2}(\mathbb{R}^{+})}. \end{aligned}$$ \end{document}$$ From ([3.6](#Equ16){ref-type=""}) we clearly have $\documentclass[12pt]{minimal}
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                \begin{document}$\Vert g \Vert _{C_{B}[0,\infty)}\leq \Vert g \Vert _{C_{B}^{2}[0,\infty)}$\end{document}$.
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                \begin{document}$$ \bigl\vert D_{n,p,q}(f;x)-f(x) \bigr\vert \leq2 \biggl( \Vert f-g \Vert _{C_{B}(\mathbb{R}^{+})}+\frac{[1+2\mu]_{p,q}x}{4[n]_{p,q}} \Vert g \Vert _{C_{B}^{2}(\mathbb{R}^{+})} \biggr). $$\end{document}$$

By taking the infimum over all $\documentclass[12pt]{minimal}
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Bivariate operators and rate of convergence {#Sec4}
===========================================

In this section, we construct a bivariate extension of the operators ([2.1](#Equ6){ref-type=""}).
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Lemma 4.2 {#FPar17}
---------
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The modulus of continuity for the bivariate case is defined as follows:
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Theorem 4.3 {#FPar18}
-----------
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Proof {#FPar19}
-----

We prove the claim by using the results for the modulus of continuity and Cauchy--Schwarz inequality: $$\documentclass[12pt]{minimal}
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We prove the claim by using ([4.4](#Equ24){ref-type=""}) and Hölder inequality: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\bigl\vert D_{n_{1},n_{2}}^{(p_{n_{1}},p_{n_{2}}),(q_{n_{1}},q_{n_{2}})}(f;x,y)-f(x,y) \bigr\vert \\ &\quad\leq \bigl\vert D_{n_{1},n_{2}}^{(p_{n_{1}},p_{n_{2}}),(q_{n_{1}},q_{n_{2}})}\bigl(f(u,v)-f(x,y);x,y \bigr) \bigr\vert \\ &\quad\leq D_{n_{1},n_{2}}^{(p_{n_{1}},p_{n_{2}}),(q_{n_{1}},q_{n_{2}})} \bigl( \bigl\vert f(u,v)-f(x,y) \bigr\vert ;x,y \bigr) \\ &\quad \leq \bigl\vert D_{n_{1},n_{2}}^{(p_{n_{1}},p_{n_{2}}),(q_{n_{1}},q_{n_{2}})} \bigl( \vert e_{1,0}-x \vert ^{\nu_{1}};x,y \bigr) \bigr\vert D_{n_{1},n_{2}}^{(p_{n_{1}},p_{n_{2}}),(q_{n_{1}},q_{n_{2}})} \bigl( \vert e_{0,1}-y \vert ^{\nu_{2}};x,y \bigr). \end{aligned}$$ \end{document}$$ Therefore, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\bigl\vert D_{n_{1},n_{2}}^{(p_{n_{1}},p_{n_{2}}),(q_{n_{1}},q_{n_{2}})}(f;x,y)-f(x,y) \bigr\vert \\ &\quad \leq M\frac{1}{e_{\mu _{1},p_{n_{1}},q_{n_{1}}}([n_{1}]_{p_{n_{1}},q_{n_{1}}}x)}\sum_{k_{1}=0}^{\infty} \frac{([n_{1}]_{p_{n_{1}},q_{n_{1}}}x)^{k_{1}}}{ \gamma_{\mu_{1},p_{n_{1}},q_{n_{1}}}(k_{1})}p_{n_{1}}^{\frac {k_{1}(k_{1}-1)}{2}} \biggl\vert \frac{p_{n_{1}}^{2\mu_{1}\theta _{k_{1}}+k_{1}}-q_{n_{1}}^{2\mu_{1}\theta_{k_{1}}+k_{1}}}{p_{n_{1}}^{k_{1}-1}(p_{n_{1}}^{n_{1}}-q_{n_{1}}^{n_{1}})}-x \biggr\vert ^{\nu _{1}} \\ &\qquad{}\times \frac{1}{e_{\mu _{2},p_{n_{2}},q_{n_{2}}}([n_{2}]_{p_{n_{2}},q_{n_{2}}}y)}\sum_{k_{2}=0}^{\infty} \frac{([n_{2}]_{p_{n_{2}},q_{n_{2}}}y)^{k_{2}}}{ \gamma_{\mu_{2},p_{n_{2}},q_{n_{2}}}(k_{2})}p_{n_{2}}^{\frac {k_{2}(k_{2}-1)}{2}} \biggl\vert \frac{p_{n_{2}}^{2\mu_{2}\theta _{k_{2}}+k_{2}}-q_{n_{2}}^{2\mu_{2}\theta_{k_{2}}+k_{2}}}{p_{n_{2}}^{k_{2}-1}(p_{n_{2}}^{n_{2}}-q_{n_{2}}^{n_{2}})}-y \biggr\vert ^{\nu _{2}} \\ &\quad \leq M \Biggl( \frac{1}{ ( e_{\mu _{1},p_{n_{1}},q_{n_{1}}}([n_{1}]_{p_{n_{1}},q_{n_{1}}}x) ) }\sum_{k_{1}=0}^{\infty} \frac{([n_{1}]_{p_{n_{1}},q_{n_{1}}}x)^{k_{1}}p_{n_{1}}^{\frac {k_{1}(k_{1}-1)}{2}}}{\gamma_{\mu_{1},p_{n_{1}},q_{n_{1}}}(k_{1})} \Biggr) ^{\frac{2-\nu _{1}}{2}} \\ &\qquad{}\times \Biggl( \frac{1}{ ( e_{\mu _{1},p_{n_{1}},q_{n_{1}}}([n_{1}]_{p_{n_{1}},q_{n_{1}}}x) ) }\\ &\qquad{}\times \sum _{k_{1}=0}^{\infty}\frac{([n_{1}]_{p_{n_{1}},q_{n_{1}}}x)^{k_{1}}p_{n_{1}}^{\frac {k_{1}(k_{1}-1)}{2}}}{\gamma_{\mu_{1},p_{n_{1}},q_{n_{1}}}(k_{1})} \biggl\vert \frac{p_{n_{1}}^{2\mu_{1}\theta_{k_{1}}+k_{1}}-q_{n_{1}}^{2\mu_{1}\theta _{k_{1}}+k_{1}}}{p_{n_{1}}^{k_{1}-1}(p_{n_{1}}^{n_{1}}-q_{n_{1}}^{n_{1}})}-x \biggr\vert ^{2} \Biggr) ^{\frac{\nu_{1}}{2}} \\ &\qquad{}\times \Biggl( \frac{1}{ ( e_{\mu _{2},p_{n_{2}},q_{n_{2}}}([n_{2}]_{p_{n_{2}},q_{n_{2}}}y) ) }\sum _{k_{2}=0}^{\infty}\frac{([n_{2}]_{p_{n_{2}},q_{n_{2}}}y)^{k_{2}}p_{n_{2}}^{\frac {k_{2}(k_{2}-1)}{2}}}{\gamma_{\mu_{2},p_{n_{2}},q_{n_{2}}}(k_{2})} \Biggr) ^{\frac{2-\nu _{2}}{2}} \\ &\qquad{}\times \Biggl( \frac{1}{ ( e_{\mu _{2},p_{n_{2}},q_{n_{2}}}([n_{2}]_{p_{n_{2}},q_{n_{2}}}y) ) }\\ &\qquad{}\times \sum _{k_{2}=0}^{\infty}\frac{([n_{2}]_{p_{n_{2}},q_{n_{2}}}y)^{k_{2}}p_{n_{2}}^{\frac {k_{2}(k_{2}-1)}{2}}}{\gamma_{\mu_{2},p_{n_{2}},q_{n_{2}}}(k_{2})} \biggl\vert \frac{p_{n_{2}}^{2\mu_{2}\theta_{k_{2}}+k_{2}}-q_{n_{2}}^{2\mu_{2}\theta _{k_{2}}+k_{2}}}{p_{n_{2}}^{k_{2}-1}(p_{n_{2}}^{n_{2}}-q_{n_{2}}^{n_{2}})}-y \biggr\vert ^{2} \Biggr) ^{\frac{\nu_{2}}{2}} \\ &\quad\leq \bigl( D_{n_{1},n_{2}}^{(p_{n_{1}},p_{n_{2}}),(q_{n_{1}},q_{n_{2}})}(e_{1,0}-x)^{2};x,y \bigr) ^{\frac{\nu_{1}}{2}} \bigl( D_{n_{1},n_{2}}^{(p_{n_{1}},p_{n_{2}}),(q_{n_{1}},q_{n_{2}})}(e_{0,1}-y)^{2};x,y \bigr) ^{\frac{\nu_{2}}{2}}. \end{aligned}$$ \end{document}$$

This completes the proof. □

Conclusion {#Sec5}
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In this paper we have constructed a $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-analogue of Dunkl type Szász operators. We obtained some approximation results for these operators and showed the convergence of the operators by using the modulus of continuity. Furthermore, we obtained the rate of convergence of these operators for functions belonging to the Lipschitz class. We have also studied the bivariate version of these operators.
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